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Motivation



Consider the linear structural equation for individual /:

Vit = Xit1f1, + KB, + i +eir, t=1,2,..,T, (1)

where yj; outcome variable, xj;; endogenous explanatory variable
(EEV), X;+ vector of exogenous regressors, z;; instrumental
variables, «; individual fixed effect.

EEV has a nonlinear relationship with the instrumental variables
and the exogenous regressors:

Xjt1 = go()?ityzit) + a; + ujt, t= 1727 L) T7 I = 1127 0009 N7 (2)

with E[u,-t|>”<,-1, zi1, ...,)?;T,Z;T, Oé,'] =0.

Parameter of interest: /31, .



Source of Identification: Exogenous variation (Instrumental
variables).

But..

e Should we perform 2SLS on the transformed model ignoring the
nonlinearity in the reduced form equation?

e Would be beneficial to take into account the nonlinearity in the
reduced form equation?

e Wooldridge (2015), CF is more efficient than 2SLS when the
nonlinear reduced form equation is correctly specified but it is non
robust to misspecification of the nonlinear form.



This paper

Control function approach using random forest regression to
estimate the nonlinear relationship.



Main contributions and results

1. Linear structural equation:

1.1 Control function approach.
1.2 Two estimation methods (CF, CF-OS) using random forest

regression to estimate the nonlinear relationship.

1.3 Using a Monte Carlo experiment, we conclude that CF-OS has lower
bias and RMSE than 2SLS on the first-differenced model in almost
all scenarios.

2. Partial linear structural equation:

2.1 Control function approach.

2.2 Three methods (CF, CF-OS, CF-IT) using random forest regression
to estimate the nonlinear relationship.

2.3 Using a Monte Carlo experiment, we conclude that CF-IT with data
splitting has lower bias and RMSE than 2SLS on the
first-differenced model.



1. Literature review
2. The setting: linear structural equation.

2.1 Identification
2.2 Estimation

2.3 Monte Carlo experiment
3. Relaxing the linearity assumption in the structural equation.

3.1 Identification
3.2 Estimation

3.3 Monte Carlo experiment

4. Conclusions



Literature Review

1. Control function approach:

1.1 Wooldridge (2015), CF is more efficient than 2SLS when the
nonlinear reduced form equation is correctly specified.

2. Semi-parametric linear panel data model with EEV.

2.1 RE: Li and Stengos (1996), IV using kernel estimator on the model
in levels; FE: Qiang and Wang (2012), IV technique using kernel
estimator on the first-differenced model; Baltagi (2002), IV using
series estimator for the first-differenced model.



The set up: Linear structural
equation



A.1 Observed data: w; = (y;, xj1, X, z;) are T x 1 identical and
independent copies of the vector random variables
(Y,X1,X2,...,Xk,2). T fixed and small.

A.2a Linear structural equation:

yit:Xit1610+)?;t62o+ai+€it7 t= 1727'“7 T7 = 1727"'7N‘
(3)
A.3 «; individual fixed effect.
A.4 X is strictly exogeneous
Eleit|%i1, %i2, -, i, ci] = 0. (4)



Linear structural equation

A.5 xj1 is an endogenous explanatory variable (EEV). It is
nonlinearly related to X;;, and an instrumental variable z;;.

Xitlzg(gityzft)—i—ai—i_uih t:1727"'7T7 i:1727"'7N7 (5)
with E[ujt|%i1, K2, ., X7, 201, Zi2, -, Zi7, @] = 0, and

Eleit|zi1, zi2, ---s ziT, i] = 0.
A.6 The structural and reduced-form errors are linearly dependent

€it = Polit + Wit, t:1727"'7T7 I= 172a"'7N7 (6)

with Elwit|uj1, Uj2, ..., uiT] = 0.



Identification: Control Function approach

1. Augment the model using i = puj: + wj, and obtain:

Yit = Xit1510+>?;t520+04i+,00Uit‘i'wit, t= 17 27 ooy T7 = 17 27 2009 N.

2. First-difference the model to eliminate the individual fixed effect:
Ay = Dxin1 1, + DX B2, + polujs + Dwie. (8)
The population moment conditions are:
E[AwiAH:] =0 Vt, 9)

with AHjy = [Axin AR, Aui]’.



Estimation: Method 1

Step 1: Estimate Ag(Xit, zjr) by running a random forest
regression of Axj1 on X, Xjt—1, Zit, Zit—1, and obtain
Auj = Axyje — Dg(Xit, Zit).-

Step 2: Estimate the parameters of the augmented model using

the sample moment conditions:
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Estimation: Method 2

Step 1: Estimate Ag(X;t, zi+) by running a random forest
regression of Axy iz on Xit, Xit—1, Zit, Zir—1, and obtain
Auyp = Axy jp — Ag(Xit, Zit).

Step 2:

2.1 Use the estimated residuals A/u\,-t in place of Auj; in the
first-differenced augmented model:

Ay = Axy ief1, + DX B2, + polDujs + Awie. (11)
2.2 Partial out the exogenous regressors in 11, written in matrix form:

MasAyie = MasAxqieB1, + poMagAuir + MazAwie. (12)

11



Estimation: Method 2

Step 2:
2.3 Estimate p, by partialing out MagAxy je.
2.4 Obtain A/Eé = MA;Ay;t = ﬁOMA;(A/LI\,‘t.

2.5 Estimate the parameter of interest by regressing: E\y,*t‘ on
MaszAxq jt.
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Simulation Design

yie = Bixier + Baxiez + aj + 0.2¢5, (13)
where:
xiie = &(Xie2, zit) + aj + 0.2u3, (14)
g(Xit2, Zit) = Xito + zjr + 2exp(—16x2, — 1623,)
, (15)
xoit = aj + Cjr, with (i ~ U(-2,2), (16)
= aj + vy, with vy~ U(=2,2), (17)

)=o) (s %)

aj ~ N(0, 1). (19) 13



Simulation results

100 e — e % - =
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(a) N=5000, T=20 (b) N=5000, T=3

Figure 1: Linear structural equation and nonlinear reduced-form
equation: DGP 2-Scenario 1. Ivs: Xj2, Zit, Xit—12, Zit—1

Note: The true parameter value is 1 (8; = 1).
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Relaxing the linearity assumption




Relaxing the linearity assumption

A.2b The structural equation:

Yit = Xie1 1, + F(Xie) + @i + €. (20)

ii5)



Identification

1.

Augment the model using j; = pujr + wj: to obtain:

Yie = Xit1f1, + F(Xie) + @i + pouic + wit. (21)

. First-difference the model to eliminate the individual fixed effect:

Ay = Axin f1, + AF(Xit) + poAujr + Awi. (22)
Obtain the conditional expectation of Ay on X, Xiz_1:
E[Ayit|Xit, Xit—1] = E[Axy jt|Xit, Xie—1] 61, + AF (Xit)
+E[Au|Xit, Xit—1] + E[Awjt|Xit, Xit—1] (23)

under A.7 E[Af()?l't)b?ita)?it—l] = Af()?,t)
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Identification

5. Obtain the deviation of Ay;; from the conditional expectation of

Ayit on Xit, Xit—1:
Avir = Axy jtf1, + poAuir + Awie. (24)

6. Population moment conditions:
E[AwitAxy jr] = 0 under A.5 and A.6.
E[AwjtAujt] = 0 under A.6
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The estimation procedure has three steps:

Step 1: Following Robinson1988E, estimate the reduced form
residuals A/u\,-t = Axj1 — m] using random
forest regression.

Step 2: Using the residuals obtained in previous step, estimate the
re/sﬁuals E;it = Ayjr — Em,

E?,-t = A/u\,-t — E[A/u\,-t\i,-t,i,-t_l] learning the conditional
expectations using random forests.

Step 3: Use the estimated residuals to estimate the parameter of
interest.

We call this estimator CF in the simulation study.
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Estimation: CF - OS

The estimation procedure has five steps:
Step 1 and Step 2 equal to CF.

Step 3: Use the residuals estimate p, using Frisch-Waugh-Lovell
theorem.

Step 4: Obtain AV;; = Et — A\u/,-tp“o

Step 5: Use the new residuals to estimate the parameter of
interest.

We call this estimator CF-OS in the simulation study.
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Estimation: CF - IT

The estimation procedure has four steps:
Step 1 as in CF.
Step 2: Set up starting values for pgo), /ng).

Step 3: Obtain Ayj — Axinn B — p&) Buje = Afy (%) + Duwie,
and estimate Af(Xjt).

o —

Step 4: Obtain Ay;; — Afy(X;t), and estimate (1,, po.

We call this estimator CF-IT in the simulation study.
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Simulation Design

yit = Pixin + f(Xir2) + @i + 0.8ujr + wit, (25)
xiit = &(Xit2, zit) + /2 + ujr, with ujr ~ N(0,1), (26)

with: f(xjr2) = sin(2 x xjr2) + exp(—16 x Xi2t2)7
g(xjt2) = log(0.1 X,-2t2 + Z,2t)

Xoit = /2 + (i,  with  (ir ~ U(—2,2), (27)
zip = aj/2+ vy, with vy~ U(=2,2), (28)
Uit ~ U(_272)7 Wit ~ U(_17 1)7 Qj ~ N(07 1)

21



Simulation results
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Figure 2: Linear structural equation and nonlinear reduced-form

equation: DGP 5-Scenario 1. Ivs: Xj2, Zit, Xit—12, Zit—1
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Conclusion

1. Linear structural equation:

1.1 Using a Monte Carlo experiment we conclude that CF-OS has lower
bias and RMSE than 2SLS on the first-differenced model in almost
all scenarios.

2. Partial linear structural equation:

2.1 Using a Monte Carlo experiment we conclude that CF-IT with data
splitting has lower bias and RMSE than 2SLS on the
first-differenced model.
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